Classical Cepheid variable stars (from hereon: Cepheids) are high-sensitivity probes of stellar evolution and fundamental tracers of cosmic distances. While rotational mixing significantly affects the evolution of Cepheid progenitors (intermediate-mass stars), the impact of the resulting changes in stellar structure and composition on Cepheids on their pulsational properties is hitherto unknown. Here we present the first detailed pulsational instability analysis of stellar evolution models that include the effects of rotation, for both fundamental mode and first overtone pulsation. We employ Geneva evolution models spanning a three-dimensional grid in mass (1.7 − 15 M ), metallicity (Z = 0.014, 0.006, 0.002), and rotation (non-rotating, average & fast rotation). We determine (1) hot and cool instability strip (IS) boundaries taking into account the coupling between convection and pulsation, (2) pulsation periods, and (3) rates of period change. We investigate relations between period and (a) luminosity, (b) age, (c) radius, (d) temperature, (e) rate of period change, (f) mass, (g) the flux-weighted gravity-luminosity relation (FWGLR). We confront all predictions aside from those for age with observations, finding generally excellent agreement. We tabulate period-luminosity relations (PLRs) for several photometric pass-bands and investigate how the finite IS width, different IS crossings, metallicity, and rotation affect PLRs. We show that a Wesenheit index based on H, V, and I photometry is expected to have the smallest intrinsic PLR dispersion. We confirm that rotation resolves the Cepheid mass discrepancy. Period-age relations depend significantly on rotation, with rotation leading to older Cepheids, offering a straightforward explanation for evolved stars in binary systems that cannot be matched by conventional isochrones assuming a single age. We further show that Cepheids obey a tight FWGLR. Rotation is a fundamental property of stars that has important implications for the study of intermediate-mass stars, intermediate-age clusters, and classical Cepheid variable stars.
Introduction
Classical Cepheid variable stars (from hereon: Cepheids) are crucial objects for stellar astrophysics and the extragalactic distance scale. They are evolved intermediate-mass stars (M ini ∼ 3−12 M ) that occupy a well-defined region in the Hertzsprung-Russell diagram (HRD) called the classical instability strip (IS). While their progenitor (B-type) stars exhibit fast Main Sequence (MS) rotation (Huang et al. 2010) , Cepheids have very expanded envelopes with radii between approx. 20 − 200 R , i.e., their surface rotation is low (a typical v sin i is around 10 km s −1 ). The observed low surface rotation leads to the common misconception that rotation be relatively unimportant for Cepheids. On the contrary, rotation significantly affects the entire evolutionary path of a star (Maeder & Meynet 2000; Maeder 2009; Ekström et al. 2012; Georgy et al. 2013) , with consequences that manifest themselves particularly clearly in the later stages of stellar evolution (Anderson et al. 2014) .
Cepheids famously obey a tight statistical relation between their pulsation period and luminosity (Leavitt 1908; Leavitt & Pickering 1912) , rendering them the most precise standard candles available for calibrating Supernova-based direct measurements of the local Hubble constant (e.g. Riess et al. 1998; Freedman et al. 2001; Riess et al. 2011 ). This period-luminosity relation (PLR) has been the focus of intense research and it is now understood that moving to near IR wavelengths and/or using Wesenheit relations (Madore 1982) has the benefit of reducing observed PLR scatter due to interstellar extinction as well as the intrinsic width of the IS. In Anderson et al. (2014) , we argued that rotation may lead to some level of dispersion in the PLR. However, this contribution had thus far not been quantified due to the unavailability of pulsation periods determined based on models with rotation.
Cepheids are excellent targets for testing the effect of rotation on intermediate-mass stars in general. Their location on blue loops in the Hertzsprung-Russell diagram (HRD) avoids the typical confusions of placing red giants on isochrones and means that any change in model input physics will affect predictions more strongly than for A&A proofs: manuscript no. CepheidPulsationAnalysisGeneva A+A other evolutionary phases. In addition, the observable evolution of pulsation periods provides a direct measurement of evolutionary timescales along the blue loop. Famously dubbed "magnifying glasses of stellar evolution" (Kippenhahn & Weigert 1994) , Cepheids thus provide crucial highsensitivity tests of stellar models (Walmswell et al. 2015 ). An important recent discussion has centered around the remaining Cepheid mass discrepancy (e.g. Christy 1968; Stobie 1969a,b,c; Bono et al. 2006; Keller 2008) , which is defined by systematically overestimated masses inferred from stellar evolution models. Key attempts at resolving this discrepancy included either increasing luminosity at fixed mass by enhancing convective core overshooting (e.g. Bono et al. 2001; Prada Moroni et al. 2012) or removing mass at fixed luminosity via enhanced mass loss (Neilson & Lester 2008) . Recently, Anderson et al. (2014) showed that a combination of rotational mixing and correct identification of the IS crossing number offers a favorable explanation for this discrepancy.
Thanks to a period-age relationship, Cepheids are versatile tools for dating star formation events in the Galactic nuclear bulge (e.g. Matsunaga et al. 2011; Dékány et al. 2015) as well as in other galaxies (Senchyna et al. 2015) , and for tracing Galactic structure (e.g. Feast et al. 2014) . However, dating intermediate-age stellar populations has recently revealed some shortcomings in how ages are inferred from stellar evolution models. For instance, some authors have argued for multiple stellar populations in intermediate-age open clusters in the LMC (Mackey & Broby Nielsen 2007; Mackey et al. 2008; Goudfrooij et al. 2009 Goudfrooij et al. , 2011 , in analogy with multiple populations observed in globular clusters. On the other hand, rotation-related effects have been shown to be highly successful in explaining apparent age spreads in such clusters as a combination of different main sequence lifetimes for stars of different initial rotation rate but identical mass and metallicity (Bastian & de Mink 2009; D'Antona et al. 2015) , and inclination effects such as gravity darkening (Espinosa Lara & Rieutord 2011; Brandt & Huang 2015; Niederhofer et al. 2015) . As another example, different initial rotation velocities may provide a straightforward explanation for some cases of binary stars that do not both fit on a single isochrone (e.g. Suchomska et al. 2015) .
Given the diverse effects that rotation can have on individual stars and binaries, as well as entire populations of stars, it is important to test and calibrate stellar models that include treatment of rotational effects. Following our exploratory work on the effect of rotation on stars in the IS (Anderson et al. 2014) , we here present a detailed pulsational instability analysis of the Geneva stellar evolution models for the mass range 1.7 to 15 M , for three different initial rotation rates (non-rotating, typical, and fast), and for metallicities representative of the Sun, the LMC, and the SMC.
Following a concise overview of the main model characteristics in Sect. 2 and the applied method of pulsational instability analysis (Sect. 2.2), we present our results in Sect., 3. We present the boundaries of the IS in Sect. 3.1 and from thereon consider all models that lie within these boundaries as Cepheids. We determine PLRs in Sect. 3.3 and construct period-age relations in Sect. 3.4. We further investigate and compare our predictions to empirical results from the literature for a series of relations with period, including period-temperature and period-radius relations (Sect. 3.5), and rates of period change (Sect. 3.7). In Sect. 4, we revisit the mass discrepancy (Sect. 4.1), discuss the relative impact of the intrinsic IS width, different crossing numbers, metallicity, and rotation on PLRs (Sect. 4.2) and discuss the applicability of flux-weighted gravity luminosity relations (FWGLR) for Cepheids (Sect. 4.3) . We summarize our results and conclude in Sect. 5. Additional information is provided in the electronic appendix available online. We note that throughout of this paper, we use 10-base logarithms, i.e., log means log 10 .
Analysis
Here we briefly recall the basic properties of the single star (Geneva) models used as basis for the pulsation analysis as well as the basics of the pulsation analysis carried out. We point out relevant references for readers interested in more detail.
Geneva Stellar Evolution Models
The models used for the pulsational instability analysis (Sect. 2.2) are presented in detail by Georgy et al. (2013) . The grid employed here spans masses of 1.7, 2, 2.5, 3, 4, 5, 7, 9, 12 , and 15 M . We here focus on three of the nine available initial rotation rates, namely : ω = Ω/Ω crit = 0.0, 0.5, and 0.9, where Ω crit refers to the first critical angular velocity (we adopt the nomenclature as in Georgy et al. 2013 ). In the remainder of the paper, we refer to these initial rotation rates as slow, average, and fast rotating models. Details about these models and the input physics were presented by Ekström et al. (2012) and Georgy et al. (2013) . Here, we recall the basics most relevant to the current investigation.
The models are calibrated at Solar metallicity on features that are not directly related to this work (such as initial abundance ratios that reproduce the present-age Sun, as well as mixing length parameters and mass-loss rates on the main sequence, see Ekström et al. 2012) and no fine-tuning or re-calibration was performed here to improve agreement with Cepheid observations. The models assume differential rotation based on prescriptions by Zahn (1992) for D h and Maeder & Zahn (1998) for D shear . The boundaries of the convective core are extended with a mild overshooting of d over /H P = 0.1. The initial composition is set as follows: the initial helium abundance is computed assuming a linear variation as a function of metallicity so that Y(Z) = Y P + ∆Y ∆Z Z. Y P is 0.2484 (Cyburt et al. 2003) , and ∆Y ∆Z = 1.257. Z and Y being known, the hydrogen abundance is therefore X = 1 − Y − Z. Among the metals, a solar mixture is assumed (mostly from Asplund et al. 2005 , see Ekström et al. (2012 for more details.). Opacities were computed for this particular mixture with the OPAL online tool 1 (see Iglesias & Rogers 1996) and are complemented at low temperature with opacity computations from Ferguson et al. (2005) . No adjustments to opacities are made when the mixture departures from the solar mixture. Standard recipes are used to account for mass loss during different evolutionary phases; these are presented in Tab. 1. Certain models that reach critical rotation speeds shed this excess angular momentum via mechanical mass loss (cf. Georgy et al. 2013 , Section 2.2); this applies to phase / mass range
Advanced stages Reimers (1975 ) Reimers (1975 ) de Jager et al. (1988 
Advanced stages Reimers (1975 ) Reimers (1975 Crowther (2001) (log(T eff ) < 3.7) η = 0.5, α = 0. η = 0.6, α = 0. α = 0. Table 1 . Mass-loss rate prescriptions used during the different stellar evolution phases. The η value for the Reimers (1975) prescription is a multiplying factor applied to the original formulation of the prescription. The α value indicates how the law is scaled with respect to the metallicity:
higher-mass models with fast initial rotation (ω = 0.9) during their MS evolution. For the purpose of the present instability analysis, we recomputed evolutionary phases when models cross the Hertzsprung gap with a slightly modified version of the code. This was necessary to make available all the quantities required for the pulsational instability analysis throughout the entire star. Figure 1 shows the post MS parts of evolutionary tracks up to the end of core-helium burning, as well as theoretical blue (hot) and red (cool) boundaries of the Cepheid IS. As discussed in Anderson et al. (2014) , intermediate-mass stars (10M M 3M , depending on metallicity and initial rotation rate) cross the IS rapidly for the first time during core contraction phase after turning off from the MS and before core helium ignition; this is called the first crossing. Second and third crossings occur during the corehelium burning phase during the so-called blue loop evolution. Since the evolutionary timescale of the first crossing is much faster than that of subsequent crossings, nearly all observed Cepheids are generally considered to be evolving along blue loops and undergoing core He burning.
We note that some models exhibit multiple loops near the tip of the blue loop evolution. Such "He-spikes" lead to formal 4th and 5th crossings of the IS that are unlikely to be real. These He-spikes are linked with the uncertainty regarding the location of the convective core's boundary, and the mixing occurring through this interface. With our current implementation of convection (instantaneous penetrative overshoot and Schwarzschild criterion, see e.g. Cristini et al. 2016 ), a small displacement of the boundary can bring a significant amount of fresh helium into the core, particularly when the central helium mass fraction becomes low. This provides a strong boost to the core's energy generation, changing luminosity and the radiative gradient rapidly and pushing outward the convective core's boundary (see also Castellani et al. 1985) . It is so far not clear whether this feature is real or not (see also the discussion in Constantino et al. 2015) . The main relevance of these "He-spikes" is that they can significantly alter the lifetime of 2nd or 3rd crossings, implying systematic uncertainties for population synthesis and arguments based on the frequency of Cepheids observed with negative or positive rates of period change. Figure 1 illustrates the different evolutionary paths of Solar, LMC, and SMC metallicity models, illustrating the how the extent of blue loops changes with mass and metallicity. In general, the extension of the blue loop to higher temperatures increases with mass until it eventually disappears. Towards lower masses, blue loops extend less and less blueward. At a certain point, blue loops enter the IS near the red edge and turn back toward the red giant branch before passing the region where the blue IS boundary is to be expected based on extrapolation from higher-mass models or the analysis first IS crossings at similar luminosity. Consequently, we cannot formally determine a blue boundary from such models, although the red boundary remains accessible. At even lower mass, blue loops become even shorter and do not enter the IS at all, although predictions for first IS crossings can still be made. Blue loops are very sensitive to input physics, such as convective core overshooting, which tends to reduce the extent of blue loops and thereby increases the minimal mass of models entering the IS (e.g. Anderson et al. 2014, Fig. 1) . Metallicity is another defining factor for the extension of blue loops: the lower the metal content (within the range of models considered here), the farther blue loops extend for low-mass models. The consequences of these effects on the predicted period range are discussed in Sec. 3.2.
Contrary to the lower mass-stars discussed above, stars with M ini 10M (this mass limit becomes smaller for lower metallicity and higher rotation rates) cross the instability strip only once, and after igniting the core-helium burning. Although this is technically a first IS crossing, we here refer to this evolutionary phase as third crossings, since the evolutionary timescales are those of Cepheids in the process of core He burning. As a result, no clear-cut maximum luminosity or maximum period of Cepheids is expected. However, in practice such stars will be rarely observed due to their high mass and short lifetime as Cepheids (the timescale of core He-burning accelerates with mass). The onset of core He burning in such massive stars leads to luminosity increases around log T eff ∼ 4.1, cf. Fig. 1. 
Pulsation Analysis
In this paper, we perform linear non-adiabatic radial pulsation analysis for evolutionary models to determine the stability of pulsation modes and their periods. The method described in Saio et al. (1983) was extended to include the effect of pulsation-convection coupling, which is required for predicting the red edge of the Cepheid instability strip (IS).
Our linear non-adiabatic analysis solves linearized energy conservation and energy flux equations simultaneously with linearized momentum and mass conservation equations. The latter equations, common to adiabatic analysis, determine pulsation period, while the former equations determine the stability (i.e., excitation or damping) of pulsation. These thermal equations take into account perturbation (pulsational variation) of local luminosity, δL r , which Fig. 1 . Post-MS evolutionary tracks used in this work (Georgy et al. 2013) , with overplotted IS boundaries of radial fundamental pulsation determined for the different assumed initial rotation rates. The number at the beginning of each track indicates initial mass in solar units. Assumed initial rotation rates are color-coded; red lines are for models without rotation (ω ini = 0), black lines for models with an initial rotation of 50% critical rate (ω ini = 0.5), and blue lines for an initial rotation of 90% critical rate. IS boundaries shown as dash-dotted lines indicate first crossing models, dashed lines the second crossing, and solid lines the third crossing.
consists of radiative and convective luminosity, i.e., δL r = δL rad + δL conv . The equation for δL rad is obtained by linearizing the diffusion equation of radiation. Obtaining δL conv , however, requires a time-dependent convection (TDC) theory. In this paper, we treat the pulsation-convection coupling by deriving δL conv from TDC theory as described by Unno (1967) and extended by Grigahcène et al. (2005) . This allows us to predict the red edge of the instability strip. For comparison, we also determine the blue IS edge by neglecting δL conv and refer to this as the frozen convection (FC) assumption. Under this assumption, the red IS edge cannot be predicted. Throughout this paper, we use IS boundaries predicted by taking into account pulsation-convection coupling.
We note that turbulent pressure is not included in the evolutionary models nor in our pulsation analysis. Convection velocities from MLT indicate that the ratio of turbulent to thermal pressure in the second He ionization zone (log T ∼ 4.6) is always very small ( 0.01) in the Cepheid models. Although the ratio can be larger than ∼ 0.1 in the H and first He ionization zone (3.9 log T 4.2), such layers are confined into a thin zone of less than ∼ 1 % of radius just below the photosphere. This strongly suggests that turbulent pressure hardly affects the properties of Cepheids.
It is known that TDC calculations based on mixinglength theory yield rapid spatial oscillations of the flux perturbation near the bottom of the convection zone (e.g. Baker & Gough 1979; Gonczi & Osaki 1980; Grigahcène et al. 2005 ) if the convection turn-over-time associated with the mixing length is longer than the pulsation period. These spatial oscillations are suppressed based on the argument about the possible effect of small-scale eddies (Saio 1980) , which is technically identical to setting the parameter β of Grigahcène et al. (2005) to unity.
We thus determine the stability of all radial pulsation modes and calculate their corresponding periods. The most relevant model parameters at the instability boundaries are listed in Appendix A, cf. Tabs. A.1, A.2, and A.3 for fundamental mode pulsation, and in Tabs. A.4, A.5, and A.6 for first overtone pulsation.
Although the models that form the basis of the pulsational instability include the evolutionary effects of rotation, we do not account for mechanical effects of rotation on the radial pulsation itself. This is justified, since radial pulsation is not affected by centrifugal deformation (e.g. Saio 1981) , and since the leading effects of rotation on our predictions are already accounted for by the evolutionary models (change in luminosity and radius). Any remaining effects would arise from second-order Coriolis force terms, which we estimate to be approximately (P/P rot ) 2 with pulsation period P and rotation period P rot , leading to an impact of at most ∼ 1% for some extreme cases and much smaller for most other cases.
Results
This section presents the results from our pulsational instability analysis and compares these to empirical data. In the following, we usually treat separately Cepheid models of different ω (initial rotation), Z, crossing number, and those on the blue and red edge of the IS. In certain cases, it is useful to fit together models with different rotation or on different IS crossings, and we refer to the resulting relations as rotation or crossing averages. We focus primarily on 2nd and 3rd crossings, since first crossings are rarely observed. Unless otherwise stated, all physical parameters of Cepheids considered are pulsation-averaged values, i.e., not pulsation phase-dependent.
To facilitate comparisons with observations, we translate predicted luminosities and temperatures to magnitudes in photometric passbands using the calibrations given by Worthey & Lee (2011) and M bol, = 4.74 mag. To this end, we employ photometric filters B, V, I, and H, where B, V, and I are in the Johnson-Cousins system, and H is close to the near-IR system of Bessell & Brett (1988) , which is very close to the F160W filter on the Hubble Space Telescope WFC3 (Carpenter 2001; Riess 2011) .
We compare predictions from our Solar metallicity models (Z = 0.014) to Galactic Cepheids, and those with Z = 0.006 and Z = 0.002 to LMC and SMC Cepheids, re-spectively. For Galactic Cepheids, we rely on stars with directly measured absolute magnitudes (e.g. Benedict et al. 2007; van Leeuwen et al. 2007; Storm et al. 2011) . For Magellanic Cloud Cepheids, we adopt distance moduli determined from eclipsing binaries, namely 18.494 (Pietrzyński et al. 2013) for the LMC and 18.965 (Graczyk et al. 2014; Scowcroft et al. 2016) as an average distance for the SMC.
To enable precise comparisons with observations, we employ Wesenheit relations (Madore 1982 ) from the literature due to their insensitivity to extinction. Specifically, we compute
and
following Soszynski et al. (2008) and Riess et al. (2011) , thus assuming a Cardelli et al. (1989) It is often assumed that the FC assumption can be used to accurately predict the location of blue edge. Interestingly, Fig. 2 shows that pulsation-convection coupling significantly affects the predicted blue boundary. This effect had previously been described by Gonczi & Osaki (1980) . Moreover, Fig. 3 shows that the IS boundaries including pulsation-convection coupling are much more consistent with the observed distribution of the Galactic Cepheids than if this coupling is neglected. The figure also shows that our predicted red edges are also consistent with the observed distributions in the HR diagram. This excellent consistency with observations is crucial for having confidence in the properties of Cepheid variable stars. Figure 2 illustrates the effect of metallicity, crossing number, and rotation on IS boundaries. We find a weak dependence of the blue edge position on metallicity, with lower metallicity models having slightly higher temperature. Qualitatively, the same effect was shown by Bono et al. (2000) and Fiorentino et al. (2002) , albeit with a stronger dependence of IS boundaries on metallicity (see Fig. 4 ). The difference between our results and these literature relations can be explained by the different initial helium abundances adopted (cf. Sec. 2.1 and Marconi et al. 2005 , Fig.1 ) as well as the overall lower metal content for solar metallicity (we use Z = 0.014 instead of Z = 0.02). The different IS boundaries have important implications for the dependence of period on metallicity, see Sec. 3.2 below. Figure 4 also provides a comparison with empirical IS boundaries determined by Tammann et al. (2003) . For the Galactic metallicity, the Tammann et al. (2003) hot edges are in near perfect agreement, and so are the cool edges for the lower metallicities.
The blue edge does not significantly depend on crossing number or initial rotation rate. This behavior shows the dependence of the pulsational instability on luminosity and temperature: metallicity changes temperature, e.g. via line blanketing, while rotation and crossing numbers mainly shift Cepheids in luminosity without affecting temperature, cf. Fig. 1 . On the other hand, the cool (red) IS edge is significantly affected by metallicity, crossing number, and rotation. The main difference is due to the dependence of stellar structure on rotation and crossing number, both of which affects the size and average density of the star as well as the pressure scale height. This changes the way convection operates in the star, leading to a noticeable effect on the cool IS boundaries. The change in the red IS boundary location between first and later crossings is further significantly affected by the higher helium abundance in the outer envelope following the dredge-up that occurs after the first crossing. Figure 3 shows a more extensive comparison with observations for low-extinction (E(B − V) < 0.08 mag) Galactic, LMC, and SMC Cepheids in color-magnitude diagrams. The excellent agreement indicates that our implementation of the pulsation-convection interaction is on the right track. In particular, the predicted widening of the IS at high luminosities is a good match to observations, although the scarcity of long-period (high-L) Cepheids results in a less densely populated region.
We here do not provide analytic relations representing the IS boundaries due to the wedge-shaped nature of the IS. IS boundaries can be easily reproduced from Tabs. A.1 through A.3 for fundamental modes and Tabs. A.4 through A.6 for first overtones given in Appendix A.
Range of predicted periods
Here we present the range of pulsation periods predicted by our models. The finite resolution of our model grid (especially in mass) limits the precision with which longest and shortest periods can be predicted. Particularly the lower limit on periods is not fully sampled, since this depends sensitively on the extension of blue loops to hotter temperatures (for Cepheids during core He burning, i.e., on 2nd or later crossings). Yet, inspecting the range of periods predicted sheds light on some important tendencies with metallicity and initial rotation rate. Figure 5 shows the range of periods predicted for Cepheids pulsating in fundamental mode and the first overtone as a function of initial rotation rate, mass, and metallicity. We do not distinguish between second and third crossings in this figure, plotting simply the full range of periods predicted. First crossings are shown as thinner lines, since this evolutionary phase is rarely observed, cf. Sec. 3.7 and references therein.
For a given model mass our models predict pulsation period to decrease with increasing metallicity and vice versa, cf. Fig. 6 . This dependence is driven by the higher luminosity of lower metallicity models. For instance, our 7 M , Turner et al. (2012 . Fig. 3 . Locations of the blue and red edges of the fundamental pulsation in the color-magnitude diagram for models of various metallicities and initial rotation rates. As in Fig. 2 , thinner lines show locations of blue edges obtained with the frozen convection assumption, while thicker lines show blue and red edges obtained by taking into account the perturbation of convection flux. For Milky-Way Cepheids (left-most panel), data obtained by Evans et al. (2013) are included in addition to the data shown in Fig. 2 . Data for LMC Cepheids (middle panel) are taken from Sandage et al. (2004) adopting a distance modulus of 18.494 mag (Pietrzyński et al. 2013) . Data for SMC Cepheids in the right-most panel are taken from Udalski et al. (1999) , in which only fundamental pulsators with reddening of E(B − V) < 0.08 mag are chosen using distance modulus 18.965 for the SMC (Graczyk et al. 2014; Scowcroft et al. 2016) . ω = 0.5 models on the 3rd crossing at the blue edge boundary predict P = 12.7 d, 14.4 d, and 16.8 d for Z = 0.014, 0.006, and 0.002, respectively. We note that our result contradicts the result by Bono et al. (2000) who concluded that periods should increase with increasing metallicity since their predicted IS boundaries depended sensitively to metallicity, being shifted to significantly lower temperatures for higher metallicity models. Our IS boundaries, however, exhibit a much weaker dependence on metallicity due to a lower helium abundance, cf. Sec. 3.1 and Fig. 4 . As a result, the primary effect of metallicity on Cepheids is to vary luminosity at nearly fixed temperature, with lower metallicity models having higher luminosity and thus, longer period. The excellent agreement of our predicted IS boundaries with empirical data (Sec. 3.1) corroborates this conclusion.
Rotation modifies the Cepheid mass-luminosity relation (Anderson et al. 2014) , resulting in different radii for a model of a given mass. Since the dependence of luminosity on rotation is not monotonous, the same is true for pulsation periods. However, the range of periods predicted is very sensitive to the exact shape of the blue loops, cf. pected result would be in analogy to the dependence of the mass-luminosity relation with rotation: non-rotating models would have the shortest periods, whereas models with average rotation would have the highest luminosity and hence the longest periods. Indeed, the 7 M models mentioned above with ω = 0.0 (non-rotating) have predicted P = 8.7 d, 10.3 d, and 11.8 d (compare to above models with ω = 0.5). Fast rotating models are less luminous than those with average rotation due to competing hydrostatic and mixing effects (Anderson et al. 2014 ) and hence exhibit intermediate periods.
Figure 5 furthermore clearly shows that the long-period end of the period distribution increases with decreasing metallicity for both fundamental mode and first overtone Cepheids. A similar result was previously obtained for overtone Cepheids by Bono et al. (2002) . Figure 5 reveals another important effect of metallicity on populations of Cepheids: low-metallicity Cepheid populations are predicted to contain shorter-period Cepheids than higher-metallicity populations 4 , despite the tendency of increasing period with decreasing metallicity discussed above. This is because low-metallicity blue loops extend to hotter temperatures for a given mass, leading to more compact Cepheids with shorter periods. As a side effect, the minimum mass of a model that enters the IS also decreases with decreasing metallicity, which also decreases the expected minimal period. An interesting consequence of the blue loop extension within the IS is that low-mass shortperiod Cepheids are expected to cluster near the red edge of the IS.
In summary, our results predict that period distributions of lower-metallicity populations extend to both shorter and longer periods than those of higher-metallicity populations. For a Cepheid of a given mass, rotation rate, effective temperature, and crossing, however, a decrease in . Predicted period ranges for fundamental mode Cepheids (top) and first overtone Cepheids (bottom) as function of mass, metallicity, and initial rotation rate. Period ranges on the first crossing are shown with thinner lines than period ranges on 2nd and 3rd crossings. For each mass, we plot results for three different rotation rates (increase left to right) and three metallicities (increase left to right, see colors). For a given model mass, lower metallicity tends to increase pulsation period. Lower metallicity models, however, predict shorter minimum periods for Cepheids on 2nd and 3rd crossings due to longer blue loops.
metallicity results in an increase in period due to the associated change in luminosity.
The OGLE-III sample of Magellanic Cepheids (Soszynski et al. 2008; Soszyński et al. 2010) clearly shows that these predictions are confirmed by the difference in period distribution among Cepheids in the LMC and SMC (shorter minimal periods in the SMC). This important empirical fact corroborates the predicted dependence of the blue loop extension to metallicity (see also Sec. 3.3) and suggests that the blue loop effect on the short-period is indeed the dominating factor to the short-period end of the distribution.
Our ability to investigate the minimal period predicted by our models are currently limited by the finite resolution of the model grid. A more detailed investigation regarding the shortest predicted periods would require a significant additional computational effort (a fine grid of different masses, rotation rates, and metallicities), which is considered out of scope for this paper.
Period-Luminosity Relations
We show PLRs predicted separately for the different crossings and each blue and red edge in Fig. 7 . The left panel compares the effect of metallicity for non-rotating models, and the right panel shows the same for models with average rotation (ω = 0.5). From the figure it is clear that crossing numbers and rotation influence the position of each PLR, and that rotation tends to slightly broaden the width of the IS, particularly at long periods. The relative effects of the intrinsic width of the IS, crossing numbers, metallicity, and rotation are discussed in more detail in Sect. 4.2.
We determine theoretical PLRs on the red and blue IS edges (subscripts r and b) by fitting absolute magnitudes computed in V, H, W V I , and W H,V I filters linearly:
The curvature of the IS's red edge (cf. Fig. 4 ) could be taken into account by adopting a quadratic term. However, this curvature depends on both IS edge (red shows more curvature) and photometric band pass, becoming less noticeable at wavelengths longer than V, as well as in W V I . For consistency and in keeping with the literature, we therefore use linear PLRs for both IS edges. We tabulate rotationaveraged PLRs in Table 2 . Rotation-averaged here indicates that predictions for ω = 0.0, 0.5, and 0.9 were all fit together for each filter, crossing number, IS edge, and metallicity.
Figure 8 compares predicted rotation-averaged PLRs for Cepheids in the Milky Way, LMC, and SMC to observed PL distributions using the "reddening-free" W V I magnitudes (Eq. 1). The sample of Galactic Cepheids consists of data from Benedict et al. (2007) , van Leeuwen et al. (2007) , Storm et al. (2011), and Casertano et al. (2015) . We recomputed the absolute W V I magnitudes for these stars using the published parallaxes, apparent magnitudes, and, where available, the stated Lutz-Kelker corrections (Lutz & Kelker 1973) to ensure that the same definition for W V I was employed for all stars as well as the models. The LMC and SMC samples comprise all fundamental mode and first overtone Cepheids listed in the OGLE-3 catalog of variable stars (Soszynski et al. 2008; Soszyński et al. 2010) with no cuts applied.
The out-of-the box agreement between predictions and observations is remarkable. Most Galactic Cepheids with parallax measurements fall squarely within the IS boundaries. Although they are all consistent to within the stated uncertainties, the most deviant from the predicted relations are FF Aql, BG Cru, and DT Cyg. Galactic Cepheids with Baade-Wesselink distances exhibit larger scatter, but also reproduce the predicted relations very well. For the LMC, the distribution of first overtone Cepheids is particularly well confined within the predicted boundaries. Short-period Cepheids in the LMC tend to cluster near the predicted red edge PLR, which could be an indication of the shorter blue loop extent predicted for lower-mass models and additionally affected by the neglected curvature of the red IS edge. The observed scatter among longer period fundamental mode Cepheids is consistent with the predicted PL width. The finite mass resolution of our models sets the short-period limit of the predicted PLRs plotted here. The true short-period is, in practice, defined by a model mass that falls within our grid's resolution (cf. Sec. 3.2). For instance, the expected minimal mass for Z = 0.014 is approx. Comparison between predicted PLRs and observed PL distributions. We show separate theoretical PLRs near blue and red edges, and for the three crossings. Each PLR is derived by fitting models of all rotation velocities together, cf. Tab. 2. We use the "reddening-free" Wesenheit index W VI to compare the theoretical relations to Milky Way, LMC, and SMC Cepheids (top to bottom panels as labeled). First, second, and third crossing predictions are shown as triangles, squares, and circles and fitted relations are drawn as dash-dotted, dashed, and solid lines over a slightly longer period range (±0.1 in log P) for clarity. Hot and cool edges are drawn in blue and red for fundamental mode models, and in cyan and magenta for first overtone models. . Center and bottom panels: OGLE-3 LMC and SMC Cepheids (Soszynski et al. 2008; Soszyński et al. 2010) , for which absolute magnitudes are calculated using distance moduli of 18.494 and 18.965 based on eclipsing binary distances (Pietrzyński et al. 2013; Graczyk et al. 2014 ). In the LMC and SMC panels, fundamental mode Cepheids are shown as filled circles, and first overtone Cepheids as filled pluses. Predictions for short-period fundamental mode Cepheids are limited by the neglected curvature of the red IS edge (cf. Sec. 3.1) and the finite mass resolution of the model grid (cf. Sec. 3.2). The increased scatter among SMC Cepheids due to depth effects is clearly evident.
4.5 M (Anderson et al. 2014) . For the SMC, the depth effect (e.g. Scowcroft et al. 2016 ) is very noticeable.
Adopting different combinations of models, our analysis allows to test for the impact of the IS width, crossing number, metallicity, and rotation. We discuss these various Z=0 Table 2 . PLRs (M = α log P + β) of fundamental mode Cepheids for Z = 0.014, 0.006, and 0.002, determined separately on blue and red IS edges as well as for each of the three IS crossings in four photometric bands and Wesenheit indices (cf. Eqs. 1 and 2). Each PLR is obtained as an average over the three initial rotation speeds. All magnitudes are determined using the interpolation program and data by Worthey & Lee (2011) . The W V I relations are shown in Fig. 8 effects and their implications for distance measurements in Sect. 4.2 below.
Period-Age Relations from Rotating Models
Longer-period Cepheids tend to have higher initial masses, and hence tend to be younger than Cepheids of shorter periods. The concept of Cepheid period-age relations (Bono et al. 2000) has thus sparked interest in terms of dating star-forming regions, e.g. in the nuclear bulge of the Galaxy (e.g. Dékány et al. 2015) or the Magellanic system (Jacyszyn-Dobrzeniecka et al. 2016). Of course, pulsation period also increases towards the red edge of the IS for a star of a given mass, leading to period-age-color relations, which are often approximated by period-age relations (Bono et al. 2005) . Crossing numbers have similar effects on period-age relations. Taken together, a fairly large scatter in age at a fixed period can thus be expected even for models that do not include the rejuvenating effects of rotation. Rotation affects period-age and period-age-color relations via mixing processes that supply the core with fresh material; this is particularly important during hydrogen burning on the MS. Contrary to the competing hydrostatic and mixing impacts on luminosity, rotation affects MS lifetimes monotonously: the faster the initial rotation of a model with fixed mass, the longer its MS lifetime. At the time when a star of a given mass finally crosses the IS, its age as a Cepheid therefore depends on its MS lifetime, which is related to its rotational history (expressed as ω in our models). However, period is proportional to luminosity, and luminosity does not increase monotonously with rotation. Therefore, we expect a fairly complex dependence of the period-age relation on rotation. Differently stated, a given luminosity can be reached by lower-mass Cepheid models with rotation as well as higher-mass Cepheids with very slow rotation (within limits). Since these lower-mass (rotating) stars have longer MS lifetimes, one can expect the rotating models to yield a higher age than the nonrotating models for a given luminosity and thus, period. In the following, we determine period-age relations (linear in log P) from our results separately depending on initial rotation rate, IS crossing, IS position, and metallicity. Table 4 tabulates the different scenarios for ω = 0.5 (average rotation).
We show our period-age relations in Fig. 9 , which clearly demonstrates that all the mentioned effects have significant impact on age estimates based on Cepheid periods. Figure 10 further illustrates the effect of metallicity and rotaArticle number, page 11 of 30 A&A proofs: manuscript no. CepheidPulsationAnalysisGeneva A+A tion on period-age relations for both fundamental and first overtone Cepheids. The period-age relation thus depends on:
1. Crossing number (∆ log t 0.2), larger differences with lower metallicity. Since the three crossings occur in sequence, 3rd crossing Cepheids are older than those on a second crossing. The largest difference in age at fixed period is observed between the first and second crossing, since the majority of core He burning occurs during the red giant phase before blue loop evolution (Anderson et al. 2014) . However, comparing the predictions for different metallicities reveals that age estimates during second and third crossings differ more for lower metallicity models. This can be understood by the larger extent of blue loops at lower metallicity, since the evolutionary time scale along the loop is slowest near the turning point of the blue loop. 2. Position inside IS (∆ log t 0.25). This is a consequence of the period-age-color relation (Bono et al. 2005) . As Cepheids cross the IS, their pulsation periods change due to overall expansion or contraction of the outer envelopes. Since the position of the IS does not change much with metallicity, the age effect of the position inside the IS is relatively constant. 3. Rotation (∆ log t 0.25). Rotating stars have longer MS lifetimes than non-rotating stars due to an increased availability of hydrogen in the core. Comparing ages for 2nd and 3rd crossing Cepheids, we find age differences of up to ∆ log t ∼ 0.25 between non-rotating and ω = 0.5 as well as ω = 0.9 models (not shown in Fig. 9 for clarity).
Based on these considerations, it is clear that individual Cepheid ages are uncertain to approximately 50% if crossing numbers, IS position, and, importantly, the rotational histories are not known. On the other hand, these parameters can in principle be constrained by measured rates of period change (crossing number), color or effective temperature, and CNO surface abundances (Anderson et al. 2014) . As Fig. 10 shows, the effect of rotation on the period-age relation is similar to or greater than the effect of metallicity. Therefore, we recommend using period-age relations derived for models with average rotation (ω = 0.5), averaged over the 2nd and 3rd crossing and IS width in cases where a determination of these parameters is not feasible. Ages inferred from such mean relations tend to be approx. ∆ log t ∼ 0.2−0.3, i.e., 50−100% higher than those predicted by literature relations without rotation (Bono et al. 2005; Efremov 2003 ), depending on the period (more discrepant for longer periods, cf. Fig. 10 ).
Period-Radius Relations from Rotating Models
Since pulsation periods are approximately proportional to M −0.5 R 1.5 , the effect of the radius on pulsation period significantly outweighs the effect of mass. As a result, there exists a nearly one-to-one correspondence between radius and period (as noted by Gieren et al. 1998) . Moreover, the PR relations at the blue and red IS edges are very close to each other and indistinguishable at the current level of empirical accuracy. As seen in Fig. 11 , PR relations are essentially linear in the log P − log R plane. We tabulate our results in Tab. 5, where we fitted separately the relations at the blue and red edges of the IS for different metallicities and rotation rates. Figure 11 shows our period-radius relations for fundamental mode pulsators at the blue and red IS boundaries, compared to radii of Milky Way Cepheids by Gieren et al. (1998) , LMC and SMC Cepheids by Gieren et al. (1999) , as well as MW, LMC, and SMC Cepheids by Pejcha & Kochanek (2012) . Rotation and metallicity affect the PRrelation relatively weakly, despite the significant impact of either effect on radius and period predicted for a model of a given mass (lower metallicity: smaller radius; faster rotation: larger radius).
Overall, the predicted relations agree very well with observations, despite large scatter among empirical results. This scatter may be partially explained by difficulties related to the projection factors needed to translate observed radial velocities into pulsational velocities (e.g. Nardetto et al. 2007; Anderson et al. 2016; Breitfelder et al. 2016) . The short period end matches particularly well for solar metallicity, although the three longest period Cepheids by Gieren et al. (1998) are systematically offset to larger radii. We further find that the empirical radii determined via a global modeling effort of many Cepheids (Pejcha & Kochanek 2012) tend to cluster near our predicted red edge PR-relations. However, period-T eff distributions by the same authors show the opposite trend, i.e., they cluster blueward of our hot edge (see Sec. 3.6). Unfortunately, radius and T eff are not independent parameters in this study, and more empirical data is needed to investigate this point in more detail. Interferometric observations together with Gaia parallaxes will soon provide a much more detailed view of the period-radius relation.
Period-Temperature Relation
The finite width of the IS naturally leads to a periodtemperature relation, which has been a subject of extensive research (e.g. Sandage 1958; Sandage et al. 2009 ) in the context of discussing the intrinsic dispersion of the PLR. While the observed dispersion tends to be dominated by reddening and extinction, the theoretical arguments for a significant period-color (or temperature) relation remain valid (e.g. Maeder 2009) .
As Fig. 6 shows, low metallicity models are hotter at fixed period than their high-metallicity counterparts. In Figure 12 , we thus compare our predicted log P and log T eff relations with empirical results from (1) spectroscopicallydetermined T eff of Galactic Cepheids (Luck & Andrievsky 2004; Kovtyukh et al. 2005; Andrievsky et al. 2005 ) and (2) empirically inferred (by means of global pulsation modeling) mean temperatures by Pejcha & Kochanek (2012) . While this provides a useful comparison, it is important to remember that there are conceptual differences between T eff derived from spectral lines and T eff predicted by the models. To wit, the temperatures of our models are computed from the Stefan-Boltzmann law, i.e., T eff corresponds to the total power emitted per surface area, whereas spectroscopic temperatures depend on the temperature stratification over spectral line forming regions.
For Galactic metallicity, the comparison between theory and data is very good. On the other hand, the data for LMC and SMC Cepheids (Pejcha & Kochanek 2012) become increasingly discrepant with decreasing metallicity. Since R and T eff are not independently determined in the study by Pejcha & Kochanek (2012) 
Fundamental Modes
First Overtones Z Xing Table 4 . Period-age relations (log t = α · log P + β) for ω = 0.5, i.e., average initial rotation, for second and third IS crossings, cf. Fig. 9 . Relations for unknown location within the IS, and also for unknown crossings are also provided. See text for important caveats regarding the use of period-age relations, which depend significantly on initial rotation rate ω, as well as on IS crossing and IS position.
period-radius relation discussed in Sec. 3.5. For the SMC, where the discrepancy is largest, we find that an offset of ∆ log T eff ∼ 0.025 would be required to match predictions and empirical results. Such an offset is easily compensated by a change in radius of ∆ log R ∼ 0.05, which would preserve the same luminosity and is certainly consistent with the apparent discrepancy of radii shown in Fig. 11 . Unfortunately, we are at this point unable to conclude whether the empirical results by Pejcha & Kochanek (2012) or our predictions require adjusting to resolve the matter. 
Rates of Period Change
Here we take a look at the rate with which Cepheid pulsation periods are predicted to change due to secular evolution based on our results. The predicted rates of period change depend quite significantly on rotation, although no clear pattern emerges. Non-rotating models tend to indicate fasterṖ than rotating models, althoughṖ does not monotonously depend on ω. First overtone models exhibit much faster (a factor of a few up to 10) higherṖ than fundamental mode models. This is consistent with first overtone pulsators exhibiting faster and more erratic period changes than fundamental mode Cepheids (Poleski 2008) . Very long-period Cepheids, i.e., those which cross the IS only once (cf. Sec. 2.1) are nicely consistent with an extension ofṖ observed for shorter periods. The rotation dependence ofṖ provides a simple explanation for the observed scatter in theṖ -P relation.
Our predictedṖ values are in general agreement with predictions by Fadeyev (2014) , although our rotating models appear to better reproduce the slope (and dispersion) of the observedṖ. Moreover, our models start to deviate significantly from Fadeyev (2014) for very long-period Cepheids (log P 1.7).
We compare predictedṖ to empirical values from the following sources. David Turner (private communication) kindly provided a recent update of his observational data for Galactic Cepheids (Turner et al. 2006) , comprising 66 Cepheids with negative recorded period changes (2nd crossing Cepheids) and 124 Cepheids with positive period changes (1st or 3rd crossing). For the LMC, we use the sample of fundamental-mode Cepheids (160 Cepheids with positive period changes, 184 negative) by Pietrukowicz (2001) based on OGLE-II data (Udalski et al. 1997) . For the SMC, we use 213 Cepheids with positive and 285 Cepheids with negativeṖ as listed in Pietrukowicz (2002) . Poleski (2008) cautions thatṖ values derived from insufficiently long temporal baselines are not necessarily suitable for comparisons with stellar evolution models, since suchṖ values can be dominated by short-term fluctuations rather than secular Table 5 . Period-radius relations (log R/R = α · log P + β) of fundamental mode and first overtone Cepheids based on models with average initial rotation, for second and third IS crossings along the blue and red edge, as well as for relations averaged over IS position alone (crossing separate), and IS position plus crossing number together, cf. evolution (see also Berdnikov et al. 2000 Berdnikov et al. , 2009 ). Studies oḟ P over longer temporal baselines would be very useful for more accurate tests of stellar models.
We show this comparison for first overtone and fundamental mode pulsators with the above empirical data in Figure 13 , ordered by metallicity. Qualitatively, our predictions indicate that virtually all Cepheids are observed during the second or third crossing as expected by virtue of the fast evolution along the Hertzsprung gap. The best candidates for first crossing Cepheids are Polaris, DX Gem, BY Cas, and HD 344787 (= BD+22 3786) . Two Cepheids (SZ Cas and AQ Pup) with periods longer than 10 d are found relatively close to the predicted first crossing range, although their location in the diagram also agrees with a third crossing and/or overtone pulsation. As argued in Anderson et al. (2014) , high-mass Cepheids are more likely to be observed on first crossings than low-mass Cepheids, since the first crossing timescale is fractionally larger compared to other crossings in highmass Cepheids. A more detailed investigation of SZ Cas and AQ Pup could be of interest to clarify their evolutionary status and pulsation mode.
Our predictions are in excellent agreement especially for short-period Cepheids (log P < 0.8) on the third crossing and most Cepheids on the second crossing. However, for the low-metallicity (SMC) long-period Cepheids, our results predict apparently excessiveṖ on the third crossing.
Overall, Fig. 13 indicates very good agreement between our results and observations over the full range of metallicities, with some obvious shortcomings for long-period SMC Cepheids. The effect of rotation onṖ is discernible, albeit not expressed linearly. As is the case for luminosity (Anderson et al. 2014) , rotation can both increase (up to a point) and decrease (beyond a maximal increase) the predicted rate of period change at a fixed period. This pattern is most likely due to the competing mixing and hydrostatic effects in rotating stars.
Since rotation affects both luminosity andṖ, it should be possible to infer the initial (i.e., ZAMS) rotation rate of Cepheid progenitors. A first such test was recently done for the prototype δ Cephei Comparison between predicted and empirical rates of period change,Ṗ. Fundamental mode models are shown as thicker lines, first overtones as thinner lines. Initial rotation velocity is color coded: non-rotating models are red, average rotation black, fast rotation blue. Left hand panels show increasing periods (first, dashed-dotted lines, and third crossings, solid lines), right hand panels decreasing periods (second crossings). Metallicity decreases from top to bottom: Z = 0.014 and data for Galactic Cepheids (Turner et al. 2006 ) with first crossing candidates Polaris, BY Cas, DX Gem, and HD 344787 highlighted as yellow filled circles ; Z = 0.006 and data from LMC Cepheids by Pietrukowicz (2001) ; Z = 0.002 and data from SMC Cepheids by Pietrukowicz (2002) . TheoreticalṖ − P relations by Fadeyev (2014) and Fadeyev (2013) are shown as green dotted lines for 1st crossings and green dashed lines for 3rd crossings, where available.
on the evolution of the average density, rather than the pulsation period. With the present model predictions, it will be possible to make such comparisons more accurately in the near future.
Discussion
In the preceding sections, we have compared our predictions of the IS borders in the HRD, as well as relations between period and luminosity, radius, effective temperature, and period changes with observations based on Galactic, LMC, and SMC Cepheids, finding generally very good agreement. These observational tests of our models are important for improving the understanding of mixing processes in intermediate-mass stars and their impact on the evolutionary paths. Likewise, demonstrating agreement between predictions and observations corroborates other predictions that are more difficult to test directly, or with sufficient accuracy. In the following, we discuss the implications of our work in terms of the Cepheid mass discrepancy, investigate various effects impacting the PLR, and show for the first time that the flux-weighted-gravity-luminosity relation (FWGLR) provides an additional means for determining precise distances to Cepheids using spectroscopy.
The Cepheid mass discrepancy
A long-standing issue in stellar evolution are mass discrepancies that have been identified in particular in intermediate-and high-mass stars. The "symptom" of a mass discrepancy is that evolutionary models yield systematically higher masses than other means for determining stellar masses (Christy 1968; Stobie 1969a,b,c; Keller 2008; Pietrzyński et al. 2010; Prada Moroni et al. 2012) . From a stellar evolution modeling perspective, mass discrepancies can be "solved" either by increasing luminosity at fixed mass, or allowing for strong mass-loss in order to reduce the present-day mass at fixed luminosity. To achieve the former type of "solution" generally requires to increase the effective size of the convective core. Two main mechanisms are available to this end: convective overshooting and rotational mixing.
In Anderson et al. (2014) we argued that a combination of rotation and crossing number indeed offers a viable explanation for the currently accepted level to which masses are discrepant, i.e., 10 − 20% (e.g. Keller 2008 ).
In Fig. 14, we provide an updated view of Anderson et al. (2014, Fig.7) , plotting directly-measured masses of Galactic and LMC as a function of period and comparing them to our model predictions for fundamental mode pulsation. The figure clearly shows the superior agreement of models with average rotation compared to models with no rotation. The finite mass-resolution of our model grid unfortunately limits our ability to predict pulsation periods of the lowestmass models (see discussion in Sec. 3.2). The mass-period relations on the blue edge do not extend to low masses for LMC metallicity, since the blue loops of these models turn back towards the red giant branch before crossing the blue IS boundary. Additional directly measured Cepheid masses, especially of long-period Cepheids, in addition to a finer model grid towards lower masses are required to improve this comparison. Projects involving long-baseline interferometry (e.g. Gallenne et al. 2014 ) and astrometric orbits with Gaia will soon significantly improve this situation. Predicted Cepheid masses against fundamental mode pulsation period compared to model-independent Cepheid masses from (Evans et al. 2006 (Evans et al. , 2008 (Evans et al. , 2009 (Evans et al. , 2011 , and references therein) for Galactic Cepheids (upper panel), and masses for LMC Cepheids (lower panel) in eclipsing binary systems from the Araucaria project (Pietrzyński et al. 2010 (Pietrzyński et al. , 2011 Gieren et al. 2014 Gieren et al. , 2015 . Upper panels are for solar metallicity, and lower panels for LMC metallicity, whereas left panels show models without rotation and right panels those with average rotation (ω = 0.5). Relations are shown separately for first (dash-dotted), second (dashed) and third crossing (solid). Red lines represent the cool edge, blue lines the blue IS edge. Observational data for fundamental mode Cepheids is plotted as black squares with errorbars, overtone pulsators as green squares with errorbars. OGLE-LMC-CEP-1812 (yellow hexagon, LMC) is an expected outlier as there is evidence it may have undergone a merger and does not appear to be a classical Cepheid (Neilson et al. 2015) . Note that blue loops of low-mass LMC models do not cross the blue IS edge, hence only red boundary predictions can be shown.
Dependence of the PL-relation on IS position, crossing, metallicity, and rotation
In Sect. 3.3, we have compared the predicted PLRs in four different photometric passbands (or combinations thereof) and found excellent agreement with observations over the full range of metallicities. Here, we discuss the relative impact of the four most relevant effects that introduce scatter in observed period-luminosity distributions of Cepheids in complex stellar populations. Besides initial mass, there are four main quantities that impact the predicted pulsation period and luminosity of a given classical Cepheid: (i) the position within the IS; (ii) the crossing number; (iii) metallicity; (iv) the initial (ZAMS) rotation rate, ω. Each of these effects act on Cepheids at an individual level, thus causing scatter in observed P-L distributions. In the following, we investigate these effects separately using PLRs averaged over the ef-fects not to be considered at this point. For instance, when considering the effect of the IS width on the PLR, we determine the PLRs for models on any crossing and with any initial rotation rate. In general, we use Solar metallicity models for these comparison. To study the effect of metallicity, we consider LMC and SMC relations relative to Solar, averaged over all ω, crossings, and the IS width. To further facilitate comparison with experimental work, we carry out this comparison in four different photometric pass-bands or filter combinations: V-band, H-band, and Wesenheit indices W V I and W H,V I . Of course, extinction, which provides an additional motivation for using Wesenheit indices in empirical studies, is not included in our models.
We compute magnitude differences as function of pulsation period for each of the four effects mentioned above. For instance, to understand the (maximal) impact of the IS width, we compute the difference in magnitudes for blue and red IS edge average PLRs, and so on. We thus illustrate the relative importance of neglecting IS width, crossing, metallicity, and rotation as a function of the filter combination used in Figure 15 . It should be noted that these magnitude differences are much larger than what is to be expected for observed PLR scatter of real Cepheid populations, since (1) observed PLR scatter represent a dispersion around a mean, whereas this comparison explores the maximal difference, e.g. between the two edges of the IS; (2) no assumption on the true distribution, e.g. of metallicity or initial rotation rates, is made, although initial rotation rates are not uniformly distributed and Cepheids in real populations will exhibit some differences in chemical composition. Population synthesis is required to predict the dispersion of realistic stellar populations, and we plan to carry out such simulations in the future using SYCLIST . Similarly, population synthesis is also required to investigate whether our models indicate any non-linearities (breaks) in PLRs (see Inno et al. 2013; Bhardwaj et al. 2016 , and references therein).
In most filters, the width of the IS is the dominating contribution to uncertainties in the PLR (Fig. 15) , leading to brighter Cepheids for hotter temperatures. At a period of ∼ 10 days, the difference of the PLR near the blue and red edges is approximately 1 mag in V-band, 0.4 mag in both Hband and W V I , and 0.3 mag in W H,V I . Reducing the width of the IS by using Wesenheit indices or H−band photometry is thus an elegant way of reducing the intrinsic scatter of the PLR, in addition to rendering observations less sensitive to reddening (see also Bono et al. 2010) .
The metallicity effect of the PLR is opposite to the effect due to the IS boundaries, yielding fainter Cepheids for lower metallicity models as period increases. Interestingly, the PLR difference due to metallicity is roughly equal to the difference due to the width of the IS at short periods (log P ∼ 0.4). In H-band as well as both Wesenheit indices, this difference becomes noticeably smaller than in V-band and develops a nearly opposite slope to the IS width effect. Specifically, it is noteworthy that the metallicity effect on the PLR vanishes for certain periods, e.g. near log P = 1 in V−band, 1.2 (16 d) in H and W V I , and 1.4 (25 d) in W H,V I . In essence, this effect is much weaker than the IS width for all periods longer than 10 d. We note that the period-dependence of the PLR's metallicity dependence implies that the observed distance bias to a given sample of Cepheids (e.g. in distant galaxies) depends on the sampled period distribution as well as the filter set used. This is important when aiming to quantify the metallicity effect on distance moduli derived from Cepheids (e.g. Kennicutt et al. 1998; Sakai et al. 2004; Romaniello et al. 2008 , and references therein).
The crossing number affects the PLR most strongly in optical passbands. While the luminosity difference between 2nd and 3rd crossing is reduced in W V I , the H−band appears to be an even better choice in this regard. Combining H−band and V − I color in the W H,V I index leads to the weakest impact of crossing differences. Figure 15 also shows for the first time the effect of rotation on the PLR, to which we alluded in prior work (Anderson et al. 2014) . As discussed there and in Sec. 2.1 above, rotating models predict more luminous Cepheids for a given initial mass than non-rotating models. However, this relationship is not monotonous due to competing mixing (luminosity-increasing) and hydrostatic (luminosity decreasing) effects, with a maximal luminosity for ω ∼ 0.5. Similarly, rotating models have lower luminosity than nonrotating models at a given period. This is markedly different from the effect of rotation on the mass-luminosity relation, where rotating models have higher luminosity for a given mass than models without rotation. This behavior is to be expected since the PLR is a projection of the PL-T eff relation, which results from the mass-luminosity relation and the pulsation equation P ∝ 1/ √ρ (Ritter 1879), see also Maeder (2009) . While rotation consistently has the weakest effect on the PLR of all the effects considered, it is the only effect that grows towards longer wavelengths. Similarly to the opposite effects of IS width and metallicity, rotation acts in opposition to the crossing effects (V−band is an exception here).
While it has previously been known that Wesenheit indices collapse the width of the IS, our work shows that such filter combinations also reduce the impact of other effects such as the luminosity span of blue loops (difference between crossings) and even rotation. Among the filter combinations explored here, the Wesenheit index W H,V I is an ideal choice to minimize the intrinsic scatter of the PLR (see also Fiorentino et al. 2013) . From the point of view of limiting the intrinsic scatter of observed PLRs, we recommend the period range 0.8 log P 1.4. Observations in W H,V I in this period range are predicted to show the least scatter due to the physical properties of the Cepheids, and are ideal due to the H−band's natural insensitivity to extinction, and the Wesenheit index's "reddening-free" nature.
The Flux-Weighted Gravity-Luminosity Relation for classical Cepheids
Kudritzki et al. (2003) (see also Kudritzki et al. 2008) proposed the use of a new empirical relation for distance determinations of blue supergiants, the flux-weighted-gravityluminosity relation (FWGLR). This relation links the bolometric luminosity of a star with a factor defined as g/T 4 eff,4 , where g is the surface gravity and T eff,4 the effective temperature expressed in units of 10 000 K. The spectroscopic determination of the quantity g/T 4 eff,4 provides access to the intrinsic luminosity of the star using a well-calibrated FWGLR and thus to its distance. As shown by Kudritzki et al. (2003) , blue supergiants obey a very tight relation between luminosity and the quantity g/T Table 6 . Tabulated PLR differences due to the finite width of the IS, calculated as blue edge minus red edge, and due to metallicity differences as Solar minus LMC metallicity for Wesenheit indices W V I and W H,V I as shown in Fig. 15 . For a fixed period, Cepheids near the blue edge are brighter than those near the red edge, and Solar metallicity Cepheids brighter than LMC metallicity Cepheids, hence the tabulated magnitude differences are negative.
For a class of stars to obey such a relation, two conditions must be met. First, within the class, stars of a given initial mass should exhibit little variation in both luminosity and (current) mass, so that a given initial mass star in the class can be associated to a well defined luminosity and vice-versa. Second, stars of the class considered should follow a well-defined luminosity-to-mass relation 5 .
Recently, Meynet et al. (2015) studied the possible sources of scatter in the FWGLR of blue supergiants from a theoretical point of view and reached two conclusions: (i) the FWGLR for blue supergiants is a robust relation that exhibits little dependence on many intricacies of stellar models; (ii) the very small observed scatter provides interesting constraints on the post Main-Sequence evolution of massive stars. Specifically, they showed that the observed small scatter is incompatible with many blue supergiants having evolved to their blue location as a result of strong mass loss during a previous red supergiant phase. Here we investigate the FWGLR in the context of classical Cepheids to address the following questions: Do Cepheids follow such a relation? Is the FWGLR useful for determining distances, and/or for constraining stellar models?
In Fig. 16 , we compare our predicted FWGLRs and PLRs based on our analysis. The upper panel shows all predictions listed in Tables A.1 through A.3. We thus find the scatter of the FWGLR to be much smaller than the expected scatter of the PLR. In particular the shift in M bol at a fixed period due to the width of the IS is greatly reduced in the FWGLR, and independent of the crossing considered.
The fact that the FWGLR can be constructed from spectroscopy means that information on the current surface abundances (as a proxy for initial metallicity) can be obtained at the same time. Hence, it is possible to construct FWGLRs for specific metallicities. As the lower left panel of Fig. 16 shows, the scatter in the FWGLR is further reduced when a single metallicity is considered. We thus find that Cepheid models do follow a very well defined FWGLR, answering our first question.
To answer the second question whether the FWGLR is useful in terms of distance determinations of Cepheids, we consider the benefits and shortcomings of such an approach. The primary advantages are that the FWGLR is intrinsically much tighter than the PLR and that the (weak) dependence on metallicity can be dealt with explicitly and simultaneously, see above. However, the main drawback of the method is its need for time-resolved high-resolution spectroscopy, which makes it observationally more expensive than photometric methods. Future extremely large telescopes (ELTs) with their advanced capabilities such as AOassisted spectroscopy and large collecting surface may enable applications of this method to extragalactic Cepheids well beyond the Magellanic Clouds.
Apart from its possible distance applications, the FWGLR provides interesting constraints for stellar models, in particular with respect to the mass discrepancy (cf. Sec. 4.1), since g/T 4 eff,4 ∝ M/L. Hence, spectroscopically determined log g and T eff can be compared to evolutionary T eff and gravity (as derived from the predicted mass and radius, assuming sphericity). Figure 17 shows this comparison using data from Luck & Andrievsky (2004) , Kovtyukh et al. (2005) , and Andrievsky et al. (2005) using both their phase-dependent and phase-averaged values. The identical data treatment and phase-resolved measurements provided by these authors renders their measurements ideal for this comparison. We thus find very good agreement between predicted and empirical FWGLRs for periods shorter than approx. 10 days. For longer periods, however, the predicted FWGLR tends to yield systematically higher values. We have not included here the measurements by Takeda et al. (2013) , since these authors report a possible systematic uncertainty in their spectroscopic log g values, which leads to g/T 4 eff,4 values in conflict with the observations by Luck, Andrievsky, Kovtyukh, et al. One possible explanation for this apparent mismatch is that higher-mass Cepheids (>∼ 8 M ) have higher spectroscopic masses than evolutionary masses, i.e., that an inverted mass discrepancy exists in this mass range. However, this possibility can almost certainly be readily excluded, since it would require an increase of the mass deduced from the stellar models by approximately a factor of 2 to reconcile the evolutionary with the spectroscopic masses, which seems unreasonable.
A more likely explanation for the mismatch at longer periods could be related to systematics involved in the spectroscopic measurements. Long-period Cepheids have larger radii and increasingly diluted atmospheres, where non-LTE effects and sphericity become increasingly important. More generally, there is also a conceptual difference between the optical-depth dependent temperature distribution responsible for the spectral characteristics and the effective temperature defined by the total power emitted by surface area via the Stefan-Boltzmann law (see e.g. Gray 2005, Chap. 14) . Further research into these areas would provide a welcome opportunity to directly test the M-L relations of Cepheids, thereby providing important tests of the mixing and transport mechanisms acting in intermediate and high-mass stars.
Conclusions
We here present the first pulsational instability analysis of stellar evolution models that include a treatment of rotation for the mass range relevant for classical Cepheid variable stars. Our models (Georgy et al. 2013 ) cover a range of metallicities corresponding to the values of the Sun, the LMC, and the SMC, and three different initial rotation rates (non-rotating, average rotation, fast rotation). Our analysis includes both fundamental mode and first overtone pulsation. We determine hot and cool (blue and red) boundaries of the classical IS via a linear non-adiabatic radial pulsation code that takes into account the perturbation of convective flux due to pulsations. We find that this perturbation, while required to model the red IS edge, is also required to accurately reproduce the location of the blue IS edge. We do not find a strong dependence of the blue IS edge on rotation, and only a weak dependence on metallic-R.I. Anderson et al.: On the Effect of Rotation on Populations of Classical Cepheids ity. The red edge, however, is slightly more strongly affected by both effects.
We treat rotation as a purely evolutionary effect, i.e., mechanical effects are not included as additional perturbations in the computation of pulsation periods. Within the derived IS boundaries, we predict pulsation periods and rates of period change. Using the remaining parameters from our models, we construct relations between period and luminosity, age, radius, and temperature. Therefore, all relations presented here are based directly on the stellar structures computed, and not on adopted relations, e.g. for mass and luminosity.
We confront each of these predictions with observations and find generally excellent agreement, in particular for PLRs. Notably, we find that our models with rotation tend to better reproduce observed trends than our models with zero initial rotation.
We discuss our results with regards to the much discussed Cepheid mass discrepancy, of which we find no indication when using models including the effects of rotation. We confirm that rotation indeed contributes to the intrinsic scatter of the PLR (Anderson et al. 2014 ), albeit at a low level. We discuss the impact of several effects on the PLR, including the intrinsic width of the IS, the crossing number, metallicity, and rotation for each of four photometric bandpasses or filter combinations. Based on this discussion, we find that all these effects are significantly period-dependent and that the intrinsic scatter of the PLR increases with period. We determine that the Wesenheit index W H,V I is an ideal choice for limiting these dispersing effects in addition to being insensitive to extinction. Finally, we find that the period range between 0.8 log P 1.4 is ideal in terms of the various sources contributing to the scatter of the PLR.
We further take a first look at the FWGLR of classical Cepheids, which we show to form an intrinsically tighter relation than the PLR. The FWGLR of Cepheid deserves observational follow-up, since it provides direct tests of the mass-luminosity relation of Cepheids and provides a potentially interesting, complementary alternative to the PLR for extragalactic distance estimation.
We find that period-age relations of Cepheids are expected to exhibit a large scatter due to differences in initial rotation, crossing number, metallicity, and the width of the IS. Depending on period, rotation increases Cepheid ages by approximately ∆ log t ∼ 0.2 − 0.3 compared to periodage relations that do not take into account rotational mixing effects. This should be taken into account when using Cepheid periods for dating star formation events, e.g. in the Galactic Bulge or in an extragalactic context. Our predicted rates of period change are in excellent agreement with observations. In particular, rotation helps to better reproduce the observed distribution and explains its intrinsic scatter at fixed log P. We confirm that the Cepheids Polaris, BY Cas, DX Gem, and HD 344787 are likely undergoing a first crossing of the IS based on their observed rates of period change (Turner et al. 2006 . In general, rotating Cepheids change pulsation more slowly than non-rotating ones, although this trend does not monotonously depend on initial rotation rate. This effect may be understood as being due to a generally slower secular evolution for rotating stars (rotating stars live longer and spend more time in the IS).
For long-period Cepheids, additional information besides rates of pulsation period change is required to conclude on first or third crossings of the IS. Our models show that the predictedṖ values for both crossings approach each other, before blue loop evolution is eventually suppressed for higher mass models, i.e., also at longer periods. Crucial tests for telling crossing numbers include absolute magnitudes, e.g. via Gaia parallaxes, and CNO abundances (Anderson et al. 2014) .
In summary, we find that the evolutionary effect of rotation has important consequences for the pulsational properties of classical Cepheid variable stars, increasing (slightly) the intrinsic scatter of the crucial PLR, increasing (significantly) inferred ages, and altering the way with which Cepheids change pulsation period during their secular evolution.
We project that initial mass and initial rotation rate can be inferred by measuring highly accurate absolute magnitude (requires high accuracy parallax), color, and rate of period change (e.g. Anderson et al. 2015) . The ESA space mission Gaia will soon provide highly accurate parallaxes of thousands of Cepheids (Eyer et al. 2012) , thus enabling even more accurate tests of these models.
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Appendix A: Physical quantities of evolutionary models at the boundaries of the instability strip Tables A.1, A. 2, and A.3 provide physical quantities of models entering and exiting the IS for fundamental mode pulsation for metallicities Z = 0.014, 0.006, and 0.002. Tables A.4 through A.6 provide the same information for first overtone pulsation. The first integer of each row stands for the 'n-th' entering into the IS, where * indicates that the evolution track returns to the same side of the the IS, e.g., where blue loops do not extend all the way to the position where the hot IS boundary is to be expected based on models on first crossings or extrapolation from higher-mass models. Models labeled as 4 th crossings indicate cases where numerical instabilities introduce additional helium into the core, leading to additional small (likely unphysical) loop patterns near the blue loop turning point, cf. He-spikes in Sect. 2.1.
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